
                                                               Notes for CSC 310, Radford M. Neal, 2002

                                            2b.1

����� ���	��
������������������������� �!�#"$��

%���
'&(�����)�*�+�,�*���.-/�01���

2.3547698;:�8�<�=�>$8@?A=B69=�CD>7E#8�FGF/HJI9?1ILK�:�8@:�=�M$N H
N 35OP8Q69=�HJ8RF,?S<�I9?/I7ET8�MU4$3 V�M78�N WQHJ8R69=�HJIUX$N 8YIU47H
:/<7=$FP8;69=�HJ8	:�=UE#H$F/I7E#8ZFR<7=UE[?�\
]_^ :(8Y6R=�M$N H`C@IUOP8YI$NaN�?S<78D6R=�HU8�:(=UE#H$F@ET8bI$NaN W
F�<�=UE�?�KN 3 ^ 8D:(=�MUN HcX$8+ET8bI$NaN W�89IbF1W�\ed�=�=B8bIbFAW�\
] 4bF1?A8bI7H'KfC@IUOb3g4�hBFG=�Ci8D6R=�HU8�:(=JETHUFjF�<7=UE[?�:j3aNaN
E#89V�Mk3gE#8;?S<kI9?l=k?S<78�E*69=�HU8�:�=UETHUF@X$8+N =�47h'Kf3 ^ ?S<78
69=�HJ8D3 Fl?A=cXU8+MJ4k3 V�M78�N W+HU896R=�HJIUXUN 8U\
monLpUq	r	sgtfuLqkv�wx<�Ib?�FP8	?AF/= ^ 69=�HU8�:(=UE#HoN 8k47hk?S<bF
I7E#8�>U=$F1F	3gXUN 8by ] Fl?S<�8DIU47FA:(8�Ez?A=�?S<k3 F!V�M�8RFA?G3 =�4
HL3 {�8�E#8�4b? ^ =UE(354bFA?1IU4b?1IU4789=�MbFl69=�HU8RF,?S<�IU4 ^ =UE
MU4$3 V�M78�N WQHU8969=�HJIUX$N 8Z6R=�HU8RFSy

|}��|~�����_�
,� �c�A
���z�.�f���[���
d@<78�E#8Q3 F@IBMJ4k3 V�M78�N WQHU896R=�HJIUXUN 8Z�1��I7E[WQ69=�HU8;:,3 ?S<
69=�HJ8	:�=UE#H$F/<�I9�k3547h�N 8k4�hk?S<bF,�[���L�1�A�A�$�_��3 ^ IU4�HY=�4$N WD3 ^

�
�
��� �
�
�P� ��� �

�*�$���` �¡ pJqkv
d@<78�E#8Q3 F@IBMJ4k3 V�M78�N WQHU896R=�HJIUXUN 8�Xk354�I7E[W+6R=�HU8
:j3 ?	<BN 8�4�hk?S<bF � �$¢��$£��k£¤K�FS3547698

�b¥ ¢o¦ �7¥P§ ¦ �b¥	¨ ¦ �b¥	¨ª© �

« 4Q8	¬�IUCD>$N 8Y= ^ F�M�6k<+IY69=�HU8Y3 F;S®L�U® � �U® �U� � �U�U�7¯ \
d@<78�E#8Q3 FY°$±²MJ4k3 V�M78�N WQHU896R=�HJIUXUN 8�Xk354�I7E[W+6R=�HU8
:j3 ?	<BN 8�4�hk?S<bF/¢��$¢��$¢��k¢��$¢'K�F	3547698
�7¥P§ ¦ �b¥S§ ¦ �b¥S§ ¦ �7¥P§ ¦ �b¥S§´³µ�

¶Y01������� �·�A
���z�.�f�����¸�
d@<78�E#8Q3 F@IU4�3g47FA?1IU49?1IU4�89=�MbFj�G�¹I7E[W+6R=�HU8;:j3 ?S<
69=�HJ8	:�=UE#H$F/<�I9�k3547h�N 8k4�hk?S<bF,�[���L�1�A�A�$�_��3 ^ IU4�HY=�4$N WD3 ^

�
�
��� �
�
�P� ��� �

�*�$���` �¡ pJqkv
d@<78�E#8Q3 F@IU4�3g47FA?1IU49?1IU4�89=�MbF@Xk354kIbE[W+69=�HU8;:j3 ?S<
N 8k47hk?S<bF � �$¢��k£��$£'K�FS3547698

�b¥ ¢o¦ �7¥P§ ¦ �b¥	¨ ¦ �b¥	¨ª© �

« 4Q8	¬�IUCD>$N 8Y= ^ F�M�6k<+IY69=�HU8Y3 F;S®L� � ®L� �U� ®�� �U�U�7¯ \
d@<78�E#8Q3 F@IU4�3g47FA?1IU49?1IU4�89=�MbF@Xk354kIbE[W+69=�HU8;:j3 ?S<
N 8k47hk?S<bF!¢��$¢��k¢'K�F	3547698

�b¥S§ ¦ �b¥S§ ¦ �7¥P§»º¼�

« 4Q8	¬�IUCD>$N 8Y= ^ F�M�6k<+IY69=�HU8Y3 F;S®U®�� � ®��$® ��¯ \

�A½¿¾z�����L���	�_�z
��À�Á�0l�1
����S�
Â�P�
�������Ã�
�
Ä/
����z�f��� �ÆÅB���L�*���fÇ��������������

ÈÂ=�CZX$3g4$3g4�hÃÉ(E#I ^ ?�ÊgF!IU47HcËZ6$ËY3aNaN IU4LÊgFZ354789V�MkI$N 3 ?G3 8RF9K
:(8D69=�476�NgM7HJ8@?S<�I9?,?S<�8�ET8Q3 FiIU4�354bFA?1IJ49?1IU4789=�MbF
�1��I7E[W+6R=�HU8;:,3 ?S<BN 8k47h$?S<bF/� � �L�1�A�A�$�_�l3 ^ IU47H�=�4UN W�3 ^
?S<78�E#8+3 F@I�MJ4k3 V�M78�N W+HU896R=�HJIUXUN 8Z69=�HJ8@:j3 ?S<Y?S<78RFG8
N 8k47hk?S<bFb\
Ì¸�` �¡ sÎÍ � r	sgtfufv)d@<78�E#8+3 FD>7ET=�X�IUX$N WB47=`>7E�I76�?G3 69I$N
XU8�4�8	Ï�?�?A=cMbFS354�h`MU4k3 V�M�87N WQHU8969=�HJIUXUN 8Z69=�HJ8RF,?S<�I9?
I7E#8�4�Ê ?/354bFA?1IU4b?1IU4789=�MbFb\



                                                               Notes for CSC 310, Radford M. Neal, 2002

                                            2b.2

�@0A��"U��
'& �	�����-/�À�A
���z�.�f�����	���k�
w¿8D6bIU4B>7E#=k�78�X$=k?	<BÉ�E�I ^ ?�ÊaFiIU4�H`ËZ6kËY3gNaN IU4LÊaF
354789V�M�I$N 3 ? WoX	W�>7E#=k�k3547h�?S<kI9? ^ =UE(IU49WDFG8�?l= ^
N 8k47hk?S<bFbK'�[���L�A�1�A�$� � K ^ =UE��1��I7E[W�6R=�HU8�:(=UE#HUF��
«��@]_^�� ���� � �7¥ � � � � � K�:�8Z6bIU4Q69=�47FA?PEÁM76�?lIU4354bFA?1IU4b?1IU4789=�MbFl69=�HU8@:,3 ?S<+69=�HU8�:(=UE#H$F@<kI9��3547h
?S<78RFG8+N 8k47hk?S<7F9\

	
�@]_^ � ���� � �7¥ � � � ³ � K�?S<�87E#8Q3 FZ47=`MU4$3 V�M78�N WHU8969=�HLIUX$N 8;69=�HU8;:,3 ?S<+69=�HU8�:(=UE#H$F@<�I9�k3547h
?S<78RFG8+N 8k47hk?S<7F9\

� «�� 3 FZ<�I$N ^ = ^ É(E�I ^ ?�ÊgF@354789V�M�I$N 3 ? W�\
� 	� 3 FZ<�I$N ^ = ^ ËZ6$ËY3gNaN IU4�ÊaF;354789V�M�I$N 3 ? W�\
� FS3547h�?S<78 ^ I76	?,?S<kI9?/3g47FA?1IU49?1IU4�8R=�MbFl69=�HJ8�F/I7E#8
MU4$3 V�M78�N WQHU8969=�HJIUX$N 8UK � «�� hL3 �78�F/?S<78D=k?S<78�Ee<�I$N ^ = ^
ËZ6$ËY3aNaN IU4LÊgF;354789V�MkI$N 3 ? W�KfIU4�H � 	� hL3 �78�F/?S<78D=k?S<78�E
<�I$N ^ = ^ É(E�I ^ ?�ÊgFi354789V�M�I$N 3 ? W�\

�j� ���.�f��� �.��
'&��i01����� �,�*���k�)�����,01�����
w¿8D6bIU4D�k3 8�: 69=�HJ8	:�=UE#H$Fl= ^ IU4�354bFA?1IU4b?1IU4789=�MbF
� >7E#8�Ï�¬ � 69=�HU8YIbF@N 8bI9�78RF/= ^ ID?PET898U\ed@<78+E#=�=$?
E#8k>7ET8RFP8�4b?�Fj?S<78�4UM$NaN�FA?PE¸3547h��.89I76k<�X7E�IU476k<
69=UE ET8RFR>$=�4�H$F,?A= I7HUH�3g4�h IU47=k?S<�8�E�69=�HJ8@F1W$CDX$=�NÎ\
� 87E#8+3 Fl?S<78;?PE#8R8 ^ =UE*I+69=�HJ8i:j3 ?S<+69=�HJ8	:�=UE#H$F
®�K �J� K � ®J®�K � ® � �

0

1

10

11

101

NULL

100

���z�	��
�Â��
'& ������,01��� �P��| �J����½ �½ ÅB�L¾*���
w¿8D6bIU4Q8�¬9?A8k47H+?S<78Z?PE#8R8Z?A=�?S<�8ZHU8k>b?S<Q= ^ ?S<�8
N =�47hJ8�F1?j6R=�HU8�:(=UE#H¤\��fI76k<Q69=�HU8�:�=UETH+?	<78k4
69=UE ET8RFR>$=�4�H$F,?A= IYF�MUXb?PE#8R8U\
� 87E#8UÊaFj?S<�8Z8�¬9?A8k4bFS3 =�4Q= ^ ?S<�8+>7E#8��k3 =�MbFl?PE#898$K':,3 ?S<
8bI76k<Q6R=�HU8�:�=UETH¤ÊaF,F�MJX9?PE#8R8D673gET6�N 89H��

0

1

00

01

10

11

000

001

010

011

100

101

110

111

NULL

2<7=UE[?l69=�HU8�:�=UETHUFl=�696kMU>	W�C!=UE#8Y= ^ ?S<�8@?PE#898U\��L=UE
IU4Y�G�¹I7E[W+6R=�HU8UK�?S<78 ^ E�I76	?G3 =�4Q= ^ N 8bI9�78RFj?1IUOP8k4BX	W
IQ69=�HU8�:�=UETH = ^ N 8k47hk?S<��Â3 F �b¥ � � \

���z
����	0S�f���	��
'&x�A
����S�
Â�S�
�L�����}���������
� ���
 ����`�A
���z�.�f�����¸���@�z�����

2MU>U>U=$FG8@?S<�I9?@É(E�I ^ ?�ÊgF ] 4789V�MkI$N 3 ? W <7=�N H$F���
�
��� �
�
�P� ��� �

�YETHJ87E�?S<78+N 8k47hk?S<7FlFG=B� � � �!�!��� �Î�	\ ] 4D?S<�8Z�G�¹I7E[W?PE#898;:j3 ?S<+HU8k>9?S<Q� � K<7=b: 69IU4Y:(8YI$N N =�6bI9?A8
F�MJX9?PE#8R8RFj?A= 6R=�HU8�:(=UE#H$F,:j3 ?S<Y?S<78RFP8QN 8k47hk?S<7FSy
w¿8DhJ= ^ E#=�C F�<7=UE[?A8RFA?�?A=·N =�4�hU8RFA?�K#" ©Æ� �A�A�A�A�%$��
� �'& 3 6kOYIB47=�HU8ZI9?lHJ8�>b?S<Y� � ?S<�I9?/3 F�4�Ê ?!354�I
F�MJX9?PE#898+>7E#8��k3 =�MbF	N W MbFG89H'K'IU4�HoN 8	?j?S<�8Z69=�HU8
^ =UE�69=�HU8�:(=UE#H'"eXU8@?S<�8Z=�478ZI9?,?S<kI9?@47=�HJ8U\

¢ � ËDI7EÁODI$NaN.47=�HU8RF!354Y?S<78ZF�MUXb?PE#8R8�<78bI7HU89H·X	W
?S<78�47=�HU8�(GMbFA?i>k3 6kOS89HoIbF@X$873547hcM7FG89H'K�IU47H
47=$?jI9��Ik3gN IUX$N 8D?A=`X$8�>k3 6kOS8RHcN Ib?A87E¹\

w}3gN N�?S<�8�ET8YI$N :�I	WbFZX$8YIB47=�HU8ZIb�7Ik3gN IUX$N 8�354QFA?A8k>
� � � IUX$=$�b87y



                                                               Notes for CSC 310, Radford M. Neal, 2002

                                            2b.3

� �L������ ���z
�����0P�f�'�	�_�z
 ��������Çz� �j�'�7�L��Ç���
]_^ É�E�I ^ ?�ÊaF@354789V�M�I$N 3 ? Wo<7=�N HUF9K�:�8@:j3gN N'I$N :eISWbFZXU8
IUX$N 8Z?A=BHU=�?S<$3 Fb\
d�=ÃX$89hL354LK�?S<�87E#8QI7ET8D� � � 47=�HU8RF/I9?lHU8k>9?S<Y���1\
wx<78k4D:(8�>k3 6kOYIB47=�HJ8ZI9?lHU8k>b?S<Q���bK�?S<�8+4JMUCZXU8�E
= ^ 47=�HU8RF�?S<�I9?@X$8969=�Ci8+MJ4�I9��Ik3gN IUXUN 8YI9?lHU8k>b?S<Y� �
� IbFGF�MUCi89H·47=k?!N 8RF1Fl?S<�IU4+� � � 3 F/� � ��� � � \
wx<78k4D:(8�478989H�?A=`>k3 6kOYIB47=�HU8ZI9?lHJ8�>b?S<Q� 	9K
I ^ ?A8�E�<�I9�k3547hc>$3 6�OS89HB8bI7E¸N 3 8�E,47=�HJ8RF/I9?,HJ8�>b?S<bFl� �
� :j3 ?S< " º�
 IU4�HB� � º � 	 � K�?S<�8+4UMJCZXU8�E�= ^ 47=�HU8RF
N 8 ^ ?,?A=c>$3 6kO ^ E#=�C :j3gNaN.XU8
� � �� 	 � ��

��� �
� � � � � � © � � ���� �  	 � ��

��� �
�
� � ���� ³ ®

2.3547698
	 � ����� � �b¥ � � � º

�
���� � �7¥ �

� � � � KX	W+IbF1FRMUCZ>b?G3 =�4L\

�Æ�L� Ä!
���z�f��� �ÆÅB���L����Ç�������������
|x�������²Çz�b������`�1
���z�f�.�������

� 8�?,� � � �!�!�7� � � XU8@?S<�8Z69=�HU8�:(=UE#H·N 8k47hk?S<bFb\
� 8�Ïf4�8�� © �

�
��� �
�
�P� � \

�L=UE�IJ49W�>U=$F	3 ?G3 �78+3g4b?A89hU8�E��fK
��� © �

� �"! # # # ! �%$ �� � � �'& � �!� & �� � � $
d@<78ZF�MJC 3 F!=k�78�E*I$NaNf>U=$F1FS35XUN 8D69=�CDXk354�I9?G3 =�4bF!= ^
��I$NgM78RF ^ =UE " � �1�A�A�A� " � 354  � �A�A�A�A� $ ¯ \�w)8Y6bIU4E#8�:jE¸3 ?A8D?S<k3 F@354Y?A8�EÁC/F!= ^ >U=$F1FS35XUN 8;��I$NgM78RF ^ =JE
,© � � � ¦ � �!� ¦}� �%$ �� � © � � (�	 � �*) 	 ! �� 	
) 	 ! � 3 Fl?	<78�4JMUCDX$8�E*= ^ FG89V�M78k47698�Fl= ^ �
69=�HJ8	:�=UE#H$F,?S<�I9?i<�I9�78;?A=k?1I$N¤N 8k47hk?S< 
 \ ]_^ ?S<�8
69=�HJ8D3 FZMU4$3 V�M78�N WQHJ8R69=�HJIUX$N 8UK ) 	 ! � � � 	 K�FG=� � � �L� � K�:/<k3 6�< ^ =UEeXk3 h 8k47=�M�h�<��c3 FZ>U=$F1F	3gXUN 8
=�4UN W�3 ^ � � � \


