
                                                               Notes for CSC 310, Radford M. Neal, 2002

                                            5a.1

���������
	�����������
�������
	�����	�	��

� �"!$#%�'&�(�)*�"(�)*��+-,/.'&10",32*+40')*��56+$78+:9;7<+-&=+��'(>+-2?5@!
)A(=78+-+A&@.�0:B$)'&�(CB;+4DE,�F F ,'GH#%�;IKJKG�# (CBL&-.*5"(=78+"+-&HDE,*7
0",32M+�GN,*7826&10;#O7<0�F +"2KP

0

1

00

01

10

11

000

001

010

011

100

101

110

111

NULL

Q�)"(CB;+�7�(CB:)*�L0",��;0"+:�"(=7R)"(>+A,��4(CB;+S0",32*+@GN,*7<2*&
(CB�)"(TB;+');2�+');0:BS&@.M5"(=78+"+6JUF +@(@VO&W0-,/�;0"+:�"(=7R)"(>+4,/�
(CB;+$7E# I�B"(CXT,6&>(Y0",3FO.*XA�[Z"Z"Z

\�]^	`_4]^�Kab�b�����
	c�3�d�feg��hi��j
k�]<l*]m�
]^�Kaon`pq�sr-� �t�
	��*pu��v�	`w

xu+;78+*Vy&H(CB�+L7E# I�B"(Y0",�Fy.MX4�SDz78,�X{(CB;+40",�2*+|(=7<+"+*J
2[# }:# 2*+"2�.*9$);0"0",*782[#%�;I�(>,~0",�2*+@G�,*782KP

000

001

010

011

100

101

110

111

Symbol s , Codeword 0

Symbol s , Codeword 100

Symbol s , Codeword 101

Symbol s , Codeword 11

1

2

3

4

��DtG�+4}�# +@Gf�C�M�*�[���M�/�����/�;�[���/�M�����'�M�[���'�K�����*�;�[���*�M�;�
)'&W)*�$)"}�):#OF )*56F +���0",32*+-&-9�);0"+@�UJMG�+A&�+"+T(CB:)"(�(CB:# &
0",32M+|2[# }:# 2*+-&|# (�.*9S&=,�(CB�)"(�&>!*X45*,3F3�@�WI*+@(�&A�'���
,:D�# (@JK&>!*XA56,3F &Y���A)*�;2~���4IM+�(|�;�C�`J`)*�;2�&>!*XA56,3F
�>�SI*+@(�&A�'�C�`Z

������eg	i���[	����@��	/��k�]<l*] �[]��������

��+� ���,'Gi(CB�)"(�(CB6# &T0-,�2*+S# &W,�9"(�#%X�)6FK# D�(CB;+
Dz78);0@(�# ,���,:Dt0",�2*+-&@9�);0"+4);&�&C# I��;+"2$(>,~)L&�!6XA5*,3F3# &
+"¡�.�)6F*(>,¢(CB�+|&>!*XA56,�F%VO&|9;78,�5�)*56#yF # (£!@Z

¤�."(�&@.*9M96,6&=+W(CB;+4&>!*XA56,�FK9;78,�5:)*5:#OF # (�# +-&WGN+�7<+
¥ ���3���;�C�����'���3� ¥ ���KZ���+TGN,�.6F 2$(CB;+:�$F #% C+�(>,¢2[# }:# 2*+
.*9L0",�2*+-&@9�);0"+4)'&HDE,�F F ,'G�&"P

000

001

010

011

100

101

110

111

Symbol s , probability 1/8

Symbol s , probability 1/83

2

Symbol s , probability 3/81

Symbol s , probability 3/84

¦t�"DE,*7§(C.M��)"(>+�F !@J�(CB;+-&�+42[# }:# &�# ,��'&W2M,��[V (�0",*7£78+@&-96,/�;2
(>,¢&@.M5"(=78+"+@&�¨ &�,$(CB;+�78+*Vy&|��,�0",32*+$F #% =+A(CB:# &"Z

\H]m	U_4]^�Ka�����	©�����
	:�*pu��v3	c�3�ª�@��	
«>�u��	/��l6�U¬���>��®°¯g�C�b±

²3+@(@Vy&T# I���,*7<+|(CB:# &49;78,�5*F +�X³,:D�B�,'G©(>,�IM+���+�78)"(>+
0",32M+�GN,*7826&�D£,*7u(CB�+$XT,�XT+��'(@Z

�8�'&�(>+');2KJUF +@(@Vy&T)'&- LB�,'G©GN+40",�.*F 2?B:)*�;23F +4&>!*X45*,3F &
(CB�)"(TB�)'}'+�9;78,�5�)*56#yF # (�# +-&AF #% =+´�'� ¥ J/G1B6# 0:B$);78+:�[V (
XA.6F (�#%96F +@&|,:D��;�C�`Z

��&=,3FO."(�# ,��[Pªµ�,��'&�# 2*+�7u(CB�+A0",�2*+-&@9�);0"+W(�,?56+|(CB;+
#%�"(>+�7§}�)6F3,6D�78+')6F`�M.*XA56+�7<&�56+@(£G�+"+:�$��)*�;2¶�MZ

·[,*7�+@¸�)*XA96F +*P

1

2Symbol s , probability 1/6

Symbol s , probability 1/63

Symbol s , probability 1/34

Symbol s , probability 1/3

1/3

1/6

1/2

2/3

5/6

1

0



                                                               Notes for CSC 310, Radford M. Neal, 2002

                                            5a.2

���S	'ho������v3	[p���� eg	©�������T��v[�t�
	
�4¬��tv��M���6h
	1n����u]<l6]m�u]^�Kao�n
�=�@��	��

� .*9*9*,6&�+�G�+|GN)*�'(�(�,~+���0",32*+$56F ,�0� @&Y,6D�(£G�,
&>!*XA56,3F &HDz78,�Xf(�B:# &Y&�,�.*7<0"+*Z

��+A0')*�L2*,$(CB6# &45�!�=.'&>(�&@.M562[# }:# 2[#%�;I¢(CB�+S#%�"(>+�7§}�)6F
0",*7£7<+-&-96,���2[#%�;I$(>,¢(CB�+���7§&�(�&>!*X45*,3F/#%�S(CB;+�56F ,30: 6J
#%�S(CB;+4&=)*XT+�G�)'&W)'&HGN+|&@.M5623# }:# 2*+"2�(CB;+S,*7E# I[#%��)6F
#%�"(>+�7§}�)6F%Z

xu+;78+*Vy&'J�B;,'GgG�+A+���0-,�2*+�(CB;+�56F ,30: A� � �@�'P

1

2Symbol s , probability 1/6

Symbol s , probability 1/63

s1

Symbol s , probability 1/3

0

1

Interval for s  s
Symbol s , probability 1/34

4 1
    = (2/3, 7/9)

�W��v3���
] �Ka���`��a�	��4¬���v/�M���3�~«��u��	��@l:��¬ �
xu+;78+*Vy&W)LI*+:��+;7R)6F[&�0:B;+:XT+�D£,*7�+:��0-,�2[#%�;I~)�56F ,�0: 
,:D��~&>!*XA56,3F &"J`�������������>�������;P
�����8�:# (�# )6F # �@+L(CB�+S#%�"(>+�7§}�)6F[(>, �"!�#%$'&z�)(*#%$�&,+:J�GYB;+�78+
!�#%$'&.-q��)*�;2/(*#�$�&.-{�*Z

�*��·[,*7102-{���������>�3��P
²3+@(2!�#546&�-7!�#5468 � &:9<;=(*#%4>8 � &@?/!�#5468 � &,+ �BA 8 �CD�E �6F D �
²3+@(G(*#546&.-�!�#546&:9 ; (@#%4>8 � &@?/!�#5468 � & + F � A Z

¥ �IHL."(C9*."(1)L0",32M+@G�,*782$(CB�)"(10",*7£78+@&-96,���26&
J &=,�XW+:B�,'G2�N(>,¢(�B;+�����)6F�#%�"(>+�7§};)6F J � !%#LKM&��)(*#NKM& + Z

O�B:# &Y&=0�B�+:XW+S# &A ��;,'GY�$)'&�PRQ=SUT3VXWZY�T[S"\]\�^@_`SbaMcKJ
&C#%�;0"+A0",32*+@GN,*7<2*&Y);7<+4D£,�.*�;2 .;&C#%�;I~);7E# (CB*XT+�(�# 0
,�9*+�78)"(�# ,/�'&Y,��A(CB�+$9;78,�5:)*5:#OF # (�# +-&"Z

�] ���
]^�Kab� � �t�
	`_W����� j ���A���ª«>���C	/��l6��¬

O�B;+$F )'&>(H&>(>+:9¢78+"¡�.:#O78+-&1(CB�)"(�GN+$5*+A)*5*F +|(>,d���;2
)L0",32*+@GN,*7<2¢DE,*7�(CB;+Z���:)6F3#%�"(>+�7§}�)6F Z���+6VmF FK#%�'&�# &�(
,��$)*��#%�;&>(�)*�"(�)*��+-,/.'&10",32M+6J3D£,*7�G1B6# 0�B���,
0",32M+�GN,*782~# &�)~9;7<+'��¸S,6D�)*�;,6(CB;+�7�0",�2*+@G�,*782KZ
� �"!¢56#O�:);7 !$0",32M+�GN,*782¢2*+'����+@&Y)��*.MX45*+�7t#%�
e �3�=���CJ/DE,/.*�;2´5�!~9*."(z(�#%��I~) ��5:#%��);7§!�9*,[#%�"(��´)"(W# (�&
F +@D8(1+:�;2`Z2fUIKJ�(CB�+40",�2*+@G�,*782¶�'�K�42*+'���;+-&�(CB�+
�*.MX45*+;7 �hg J �;�C�@�i9 �jg J �'�C�@�i9g�hg J �'���*�CZ
��+6VmFyF30:B;,�,6&=+4)L0",32*+@GN,*782¢&@.;0:B4(CB�)"(@P

k O�B;+A0",32M+�GN,*782¢2*+'����+@&Y)�9*,[#%�"(W#%�S(CB;+Z���:)6F
#%�"(>+�7§}�)6F%Z

k ��D�GN+4);2M2*+"2¢)*�"!|&�(=7E#O��I¢,:D�5:# (�&�(>,$(CB�+|+:�;2�,6D
(CB;+A0",32M+�GN,*782KJ`# (HG�,/.6F 2¢&>(�#OFyF/2*+'���;+A)~96,3#O�'(
#%�S(CB;+Z���:)6F3#%�"(�+;7§}�)6F Z

µu,�2*+@G�,M7<2*&10�B�,6&�+:�$#%�S(CB:# &1G�)�!4GH#OF F3D£,*7 X )
9;78+'�3¸L0",32*+�DE,M7�(CB�+$56F ,�0: @&"Z

l|�u_ t���`a e ]^¬m¬H���
	i�����
	U_W�����/�m�4	��
xu+;78+*Vy&W)�9:# 0@(C.678+L,:D B;,'G©GN+$96# 0� S)L0",32M+�GN,*782
D£,*7�)*��#%�"(�+;7§}�)6F P

w/2 (w+1)/2 (w+2)/2 k k k

l u

xu+;78+*J/(CB;+L#%�"(>+�7§}�)6F e�n ���X4@� J3n 9g�o�����X4p�q�3(�&
+:�"(�#O78+�F !$GH# (CB:#%� e !<�o(*��J�(CB;+j���:)6F3#%�"(>+�7§}�)6F3DE,�.M�;2
GYB;+:�L+:�;0",323#O��I$(CB;+�56F ,30: 6Z���+40')*�A(CB�+;78+@D£,*7<+
.'&=+�(CB;+r0�s�5:# (|5:#%��);7§!�7<+:9;78+-&�+:�"(�)"(�# ,��L,6D n )'&1(CB;+
0",32M+�GN,*782$DE,*7�(CB:# &45*F ,�0: 6Z

O�B:# &W0')*�S,��*F !�5*+�(=7 .;+$# D�(.?�!utc�'���X4"Z���F &�,`J�G�+
GH#yFyFK)6F GN)�!'&45*+A)*5*F +|(>,v���;2�&@.�0�BL)$0",�2*+@G�,*782¢,:D
F +:�;I:(CB]0�# D�(.?�!ut��M��� 4 -b�'��� 4>8 � J )'&W)*5*,:};+��CZ
w�x.yuz`{U|u}�~bx�y.� ��+S0")*�¢96# 0: S)L0",32M+�GN,*782�,:D
F +:�;I:(CB]0AD£,*7�)�5*F ,�0: A,:D�9;78,�5:)*5:#OF # (£! F J -�(.?�!��H# D0ht�F ,MI J �;� F ��9g�*Z � ,~0",�2*+@G�,*7826&T�;+"+"2?5*+$�;,F ,��;IM+;7�(CB�)*���<F ,*I J �;� F �[��9©�MZ


